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A method of determining the dynamic characteristics of multilayered semi-bounded media, using a special representation of the
solution for one layer and applicable for an arbitrary number of layers [1], is extended to the case of media with defects of the
crack-cavity type at the interfaces of the layers. Functional-matrix relations are obtained which enable a system of integral equations,
connecting the jumps in the displacements and stresses on the sides of the cracks, to be written. Examples of the use of these
relations for certain special types of media are given. © 2004 Elsevier Ltd. All rights reserved.

When investigating the dynamic modes of oscillation of layered semi-bounded media, the form of the
functional-matrix relations, which are the basis of constructing integral equations and their systems,
which connect the displacements and stresses, is of considerable importance. The main difficulties in
the numerical realization of existing methods of solving problems for multilayered media are due to
the presence of increasing exponential components in the fundamental solutions of the corresponding
systems of differential equations, which lead to instability of the numerical procedures for solving the
boundary-value problem and make the linear algebraic systems, which arise when satisfying the boundary
conditions, ill-posed. All these approaches require solutions of high-order systems of equations, and
the greater the number of layers the greater the difficulties of a computational nature which arise. To
overcome these, a number of methods have been developed, a review and a comparative analysis of
which are given in [1-4]. For example, a method was proposed in [2, 5], the stability of which is ensured
by separating the exponential components and taking them outside the frame of the computational
process. Solutions have been constructed for multilayered media in problems of statics [6].

However, it cannot be assumed that all the problems are thereby removed and optimal algorithms
have been developed covering all changes in the parameters of the problem.

The use of these approaches is complicated considerably or becomes impossible when describing the
dynamic behaviour of elastic semibounded inhomogeneous media, containing defects like cracks or
inclusions. Moreover, the pressing need to investigate problems in this formulation is dictated by
their practical importance in seismology, seismic prospecting, flaw detection, electronics and other
areas.

New formulations of this kind of problem have been presented, a classification of the inhomogeneities
has been given, and a method of solution has been proposed, and also, the conditions for the localization
of the vibration process of a system of cracks and/or inclusions were proposed for first time in
{7, 8].

Below we propose an effective analytical method of constructing a solution of dynamic problems for
layered media when discontinuous conditions are imposed on the layer interfaces. The method is based
on the use of a special representation of the solution for one layer, and it is applicable for an arbitrary
number of layers and arrangements of the inhomogeneities. The advantage of this method is the
possibility of constructing simple algorithms of numerical analysis, applicable for a wide range of variation
of the parameters of the problem. Unlike existing approaches, it does not require a numerical solution
of high-order algebraic systems, which arise when satisfying the boundary conditions, and it does not
contain increasing exponential components in the representation of the solution obtained. A solution
of the problem for a uniform semibounded medium (a layer or half-space), containing a system of plane
parallel-oriented crack-cavities is then obtained as a special case, if we assume the physical-mechanical
parameters of the layers to be alike.
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1. OSCILLATIONS OF A PACKET OF LAYERS

Suppose the medium consists of a packet of N plane-parallel layers of thickness H = 2(hy + hy + ...
+ hy) with a rigidly clamped lower face and occupies a region -f{ <z < 0, —o <X,y < +oo (/i Is the
half-thickness of the kth layer). The surface of the medium is subjected to a certain dynamic force,
characterized by the vector ty(x, y, 1), having as its components the shear stresses #;y and £, and normal
stresses /3.

We will introduce a local system of coordinates for each layer

k-1
G =2+2) hithy, k=12.,N

i=1

Then the solution for the kth layer in terms of Fourier transforms (for the harmonic problem) or
Fourier—Laplace transforms (for the non-stationary problem) will be defined by the expression {3, 9]

1
k
where
T, = LFt,, T, = LFt, W, = LFw,

Ly is the shear modulus of the kth layer, ' is the two-dimensional Fourier transformation operator with
respect to the variables x, y, L is the Laplace operator with respect to time ¢, t;, = {f, t, t3;} are the
stress vectors, characterizing the interaction between the layers, and w, = {wy, wy, w3t is a vector
whose components are the horizontal displacements wy, and wo, and vertical displacement w;, of points
of the kth layer.

We will assume that there are discontinuous boundary conditions for the displacements along the
interfaces of the layers. We will write the condition on the lower face of the packet of layers

W, (hy) = 0 (1.2)
and the conditions for the layers to adjoin
W.(~h) = W (b, D+E, k=12 . ,N-1 (1.3)

where f, {fi, for, f3c} i the vector of the jump in the displacements at the interfaces of the layers.
Condition (1.3), taking expression (1.1) into account, leads to a recurrence relation connecting the
characteristics of the stress—strain state the layers with the parameters of their contact interaction

B (-h )T +B_(-h )T = g B, (h . DT+ B_(hy, DTy T+ ki (1.4)
We will introduce the vectors A, and the matrices Fy
Ay =D Ay +iydy, Fp= B (k) -gB. (1, )-Dy Gy yy (1.5)
k=12 .,N-1
Ay =0, Fy =B (-hy)
Here
G, = -B,(-h), Dy, = ng-(hk+1)F;1+1
From condition (1.2) we obtain
FyTy = GyTy_ (L.6)

Then the recurrence relations (1.4) for determining the stress vectors between the layers, taking equality
(1.6) and notation (1.5) into account, can be written in the form

F,T, = GT,_;+A,, k=12 _.,N
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Using the last relations, assuming k = 1, 2, ... , N in succession, we determine the forces acting on
the kth layer T, due to the surface load T, and the jumps in the displacements f;

1 k m
T, = [[F'6)Ty+ ¥ [[¥;'6)G, A, k=1,2..,N (1.7)
i=k

m=1li=k

The matrices Ay, are given by the formulae (1.5).
Substituting the expressions obtained for the forces (1.7) into (1.1), we determined the displacements
of the points of the medium in the kth layer

W,(z,) = l%k((B,r(zk)+B_(zk)F;IGk)Hk+B_(zk)leAk), k=12 ..,N (1.8)

where

i k-1 m
o= J] &'6)T+ ¥ [ F/'G)G,A,

i=k-1 m=1i=k-1

If the surface is stress-free, we have

k m
T, = Z (HF;lGiJG:nlAm

m=1\i=k

k-1 m
W,(z) = i[(m(zk)w_(zkm;‘cu Y 11 <F,-‘1G,-)G;‘A,,,+B-<zk>F;‘Ak]

m=1li=k-1

Relations (1.7) enables us to construct a system of integral equations connecting the displacements
and stresses of the sides of the cracks, situated at the joint of the layers in sections of these cracks.
Assuming f; = 0 in relations (1.7) and (1.8), we arrive at the case of ideal contact between the layers

I

_ 1
T, = H(FilGi)TO’ W (z) = PTkK(zk)TO
i=k

The matrix function

1
K(zy) = (B,(z) +B_(z)F; Gy) 1 (F'G)

i=k-1

is Green’s matrix symbol, corresponding to the dynamic problem.

The matrix functions B.(z) for different types of media (elastic, electroelastic, anisotropic,
thermoelastic and thermoelectroelastic) have a different structure and were given previously in [3]. For
example, for an anisotropic layer in the case of the harmonic problem

2 % a2+ T N
omy +Bn aB(m;-n") tiom,

B.(2) = | aB(m;-n") |32m41£+0c2ni iiﬁmi (1.9)

—iok; -k} *k,

mi =M xM!, n"=N*N' kK =K K, i=12
The elements K;"M;, N, A" correspond to the skew-symmetric problem for a single layer and are
obtained from the corresponding elements K;” M;", N*, A" of the symmetric problem by making the
replacement sh <> ch.
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In the special case of an isotropic medium
M} = 6,)10y(2) - M e (VAAT), M = [6,6,1,05(2) - Yoo, (2)1/A"
K' = [6,0,5,(2) — ¥5,(0))/A*, N* = cho,z/(2A*6,sho,h)

K; = 0,[15, ()6 - Mt,5,() VA, A" = 4(Y'1,~170,6,1,)

(1.10)
si(z) = shoiz/choh, c¢(z) = choiz/choh, ¢, = thoh;, Q= 1,2

y =202, Q =pa’dm, A =o+p

6, =M -Q", of =AM -eQ’ &= (1-2v)/(2-2V)
where o; are the roots of the characteristic equation of the problem for a single layer, Q is the reduced
frequency of the oscillations, a is a characteristic linear dimension (for example, the areas of action of
the surface load), p is the density, i is the shear modulus, v is Poisson’s ratio for a specific layer, occupying
the region (|z| <k, — < x,y, < ), and o and } are parameters of the Fourier transformation.

Note that when calculating the elements of the matrices B.(z;) in formulae (1.10) it is necessary to

take the corresponding parameters of the kth layer (W, px, Vi, ).

We will give examples of the use of the recurrence relations for certain special cases.
1. When N = 1 it follows from expressions (1.7) and (1.8) that

_ 1 -
1

which corresponds to the problem of the oscillations of a layer rigidly attached to a non-deformable
base.
2. When N = 2 we obtain from (1.7) the following expressions for the stresses

T, = F;'(G,Ty+A,), T, =F,'G,F;'(G,T,+A,) (1.11)
and from Eq. (1.8) we obtain the following expression for the displacements in the upper layer

Wi(z)) = ;_11_1((3»,(21)"‘B_(Zl)FIlGI)To"‘B—(Zl)FIlAl)» 7 =2+h (1.12)

and in the lower layer
1 . -
W,(zy) = ;,T(B+(Z2) + B_(Zz)leGz)F1l(G1To +A), 7 =z+2h+h (1.13)
2

In this case
Fi = B.(-h)-gB,(h) - ;B (h)F; Gy, Fy = B.(-hy), A, = Wif,
3. For N= 3 we will obtain formulae for the displacements for a three-layer base. The displacements
of points of the upper layer are described by formula (1.12), the dlsplacements of points of the second

layer are described by formula (1.13) with the addition of the term B_ (z,)F3' A, to its right-hand side,
while the displacements of the points of the third layer are described by the relation

1 _ ~ R
Wi(a) = - (B.(zy) +B_(2,)F;' Gy)F; G,F; (G, Ty + A)) +
3

+(B,(z3) + B_(z)F3'G)F,'A,), 23 = 2+ 2k, + 2, + hy
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The general form of the matrix F; in this case is identical with the form of the analogous matrix for
case 2, while

F, = B_(-h,) - g,B,(hs) — g,B_(h;)F;'G;, F, = B_(~h,)

A = f +Dyf,, A, = wof,

2. THE OSCILLATION OF A LAYERED HALF-SPACE

The solution of the problem of a multilayered medium, rigidly attached to an elastic half-space, is easily
obtained by letting the thickness of the lower layer (k = N) tend to infinity, and replacing the system
of coordinates as follow z* = zy — hy. Taking the limit we obtain

Fy_, = B(-hy_)-gy_B7(0)
Fk = B-(_hk)-ng+(hk+1)_Dk+1Gk+1, k=12 .,N=-2

We obtain the stresses acting on the joint of the layers in the form (1.7), where k = 1,2, ... ,N -1,
while Ty = 0. To calculate the displacements of an arbitrary point of the medium we have

W,(z) = L%k((lx(zk) +B_(z)F; GOIL + B_(z)F;'A,) 1)

k-1
=242y hithy, k=12.,N-1

i=1

N-1
Wy(z*) = }%BT(Z*)HN, 7t =z+2) by
N

i=1

The form of I, was derived above.
Since when sy — < we have

- - — +

m=n =k;=0, m, =2M;, =m,, n" =2N" =n", k =2K

then

B7(z*)=0, B](z*) = lim B,(zy) = lim B,(z*+hy) =
hy —> o0 hy o0

azm? +p*n’ (xB(m(l) -n% iiamg
= ocB(m(l) - nO) ﬁzm? +ao’n’ :tiBmg
—iok} —iBkY £k
If the underlying half-space is isotropic, the quantities occurring in the matrix B% (z) have the form

20,(- A2 +ye”y(AA), A°

m’ = e”/(\}6,)

my = 2(-ye" + 6,0,e >)/A

K = 2(-ye” +6,0," YA, &) = 20,(- A% +ye” ) /A
A =40y -Ao,0,), o =A-Q) =12 y=A-Q
Q= Ql1-2v)/2-2vy), Q) = pyo’diuy

(pn» v and vy are the density, shear modulus and Poisson’s ratio of the half-space).
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It can be seen from the above formulae that the condition W(z) — 0, z — —eo is satisfied in the case
of a layered half-space.
In particular, for a uniform half-space we obtain the simple formula

W(2) = i—B‘:’(z)To (2<0)
1

For a layer rigidly attached to a half-space, the stresses T; on the layer interface and the half-space
have the form (1.11), while the displacements in the layer (-2h; < z < 0) have the form (1.12), but in
this case

F, = B_(-h))-g,B(0)
The displacements in the half-space (z < ~24,) will be described by the expression

1w _
W,(2) = EB+(Z+2h1)F11(—B+(—h1)T0+u1f1)
2

Applying an inverse Fourier transformation to relation (1.8), we obtain an integral representation
of the solution for the harmonic problem (the factor e is omitted)

Wix, y,2, @) = —— | [W@e ™™ dudp 22)
dn”°
k-1
W(@)=W(o, Bz, 0), z=2-2Y h-h, k=12.,N

i=1

For the non-stationary problem it is necessary to put ® = ip in Eq. (2.2) (p is the parameter of the
Laplace transformation) and to apply an inverse Laplace transformation. It was shown in [3, 10] that
the solution of the non-stationary problem can also be represented in the form

w(x, y,2,1) = %JRe[w(x, ¥, 2, @)]cos(wt)dw
0

Remark. We will assume that it is necessary to determine the displacements of points of the medium
at a depth z = z;. Then, if

s-1 s
2N hi<l|zg S2 Ay

i=1 i=1

for numerical calculations in expressions (1.8) or (2.1) one must assume k = 5 (s < N).

3. OSCILLATIONS OF A LAYER OR OF A HALF-SPACE WITH
DEFECTS

The solution of the problem for a homogeneous semibounded medium (a layer or half-space), containing
N — 1 plane parallel-oriented cavities or cracks, is described by the functional-matrix relations for the
stresses (1.7) and the displacements (1.8) and (2.1), in which we must assume the physical-mechanical
parameters to be alike forallk (k = 1,2, ..., N)

Thus, assuming Wy » = W, P12 = P, V1,2 = V, Ay 5 = h, we obtain from relations (1.7) for Ty = 0 and
N = 2 a solution of the harmonic three-dimensional problem for a single crack, situated in a
homogeneous layer of thickness H= 44 at the same distance 24 from its boundaries,

T, = HFIIfl (3.1)
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where
F, = B_(~h) - B,(h) + B_(h)B_'(~h)B,(~h)

fl(a’ B’ Q) = AW((X, [3’ Q)

AW = W W, W' = W (-h)) = W(-h), W = W,(h) = W(h)

Here it is assumed that the sides of the cracks do not interact and that the stresses on these sides are
equal to T; = T™ = T~ (i.e. there are static stresses which “open up” the sides of the crack).

The functional matrix relation (3.1) enables us to write a system of integral equations for the jump
in the displacements Aw(x, y) on the sides of the crack

1

t
[JRG=&y-mawE mdedn = & (xy)e S

N

k(x,y) = —IEHF}’(a, B, Q)e P dop
4n 8,5,

where 8, and 3, are the contours of integration, the rules for choosing which were given in {11], and §
is the region occupied by the crack.

The further solution of this system requires the use of the method of fictitious absorption, the
factorisation method or numerical methods [2, 3, 11].

Hence, the proposed approach enables one to model any combination of continuous and discontinuous
conditions at the interfaces of the layers. Moreover, the advantage of the use of this representation for
each layer is that it is possible to investigate media with an arbitrary number of layers, each of which
can possess complex physical-mechanical properties.
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